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Ginsberg $($ \S 3. $(i))$ Ginsberg
(renormalization) $\theta$










$R$ $c_{0\text{ }}\rho_{0\text{ }}p_{0}$
:
$r=r^{*}/R$ , $t=c_{0}t^{*}/R$ , $\Phi=\Phi^{*}/(c_{0}R)$ , $1+\rho=\rho^{*}/\rho_{0}$ , $1+p=p^{*}/p_{0}$ . (1)
$u(r, \theta, t)=\nabla\Phi$ , ( $u$ ), (2)
[6]:
$( \Delta-\frac{\partial^{2}}{\partial t^{2}})\Phi=\frac{\partial}{\partial t}[(\nabla\Phi)^{2}+\frac{\gamma-1}{2}(\frac{\partial\Phi}{\partial t})^{2}]+$ ( $cubic$ terms in $\Phi$ ), (3)




(5)$1+p=(1+ \rho)^{\gamma}=[1-\frac{\gamma-1}{2}\{(\nabla\Phi)^{2}+2(\frac{\partial\Phi}{\partial t})\}]^{\overline{\gamma}^{f}\overline{1}}-$ .
$(r \cos\theta-s)\frac{ds}{dt}=(r-s\cos\theta)\frac{\partial\Phi}{\partial r}+^{\underline{s\sin\theta}}\frac{\partial\Phi}{\partial\theta}|$ (6)
$(r^{2}+s^{2}-2\uparrow\cdot s\cos\theta=1, s=\epsilon\cos\Omega t)$ (7)
$\Phi$
$\epsilon$ ( $\epsilon\ll 1$ $M\ll 1$ $\Omega=O(1)_{0}$ )







$\Phi=\epsilon\Phi_{1}+\epsilon^{2}\Phi_{2}+\cdots$ , $(\epsilon\ll 1)$ . (8)
$u=\epsilon u_{1}+\epsilon^{2}u_{2}\cdots$ , $\rho=\epsilon\rho_{1}+\epsilon^{2}\rho_{2}+\cdots$ (9)
(i)
(8) (3) $O(\epsilon)$ :
$( \triangle-\frac{\partial^{2}}{\partial t^{2}})\Phi_{1}=[\frac{1}{r}\frac{\partial}{\partial r}\backslash (r\frac{\partial}{\partial r})+\frac{1}{r^{2}}\frac{\partial^{2}}{\partial\theta^{2}}-\frac{\partial^{2}}{\partial t^{2}}]\Phi_{1}=0$ . (10)
(6), (7) $r=1$ $O(\epsilon)$
$\frac{\partial\Phi_{1}}{\partial r}=-\Omega\sin\Omega t\cos\theta$ at $r=1$ (11)
(10) (11) Ginsberg [5] $n=1$
(10) (11) ” [8]:
$\Phi_{1}=-A\cos\theta[J_{1}(\Omega r)\sin(\Omega t+\alpha)-Y_{1}(\Omega r)\cos(\Omega t+\alpha)]$ , (12)
$A=1/\sqrt{J_{1^{2}}’(\Omega)+Y_{1^{/2}}(\Omega)}$ , $\alpha=$ arctan $[Y_{1}’(\Omega)/J_{1}’(\Omega)]$ . (13)
$J_{1}(\Omega r),$ $Y_{1}(\Omega r)$
$\Phi_{1}$ $u_{1}$ :
$u_{r1}=-\Omega A\cos\theta[J_{1}’(\Omega r)\sin(\Omega t+\alpha)-Y_{1}’(\Omega r)\cos(\Omega t+\alpha)]$ , (14)
$ru_{\theta 1}=A\sin\theta[J_{1}(\Omega r)\sin(\Omega t+\alpha)-Y_{1}(\Omega r)\cos(\Omega t+\alpha)]$ . (15)
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$\rho_{1}$ (5), (9) (12) :




$( \Delta-\frac{\partial^{2}}{\partial t^{2}})\Phi_{2}=\frac{\partial}{\partial t}[(\nabla\Phi_{1})^{2}+\frac{\gamma-1}{2}(\frac{\partial\Phi_{1}}{\partial t})^{2}]$
$= \Omega^{3}A^{2}\cos^{2}\theta[\sin 2(\Omega t+\alpha)\{J_{1^{2}}’(\Omega r)-Y_{1}^{\prime 2}(\Omega r)-\frac{\gamma-1}{2}(J_{1}^{2}(\Omega r)-Y_{1}^{2}(\Omega r))\}$
$-2 \cos 2(\Omega t+\alpha)\{J_{1}’(\Omega r)Y_{1}’(\Omega r)-\frac{\gamma-1}{2}J_{1}(\Omega r)Y_{1}(\Omega r)\}]$
$+ \frac{\Omega A^{2}}{r^{2}}\sin^{2}\theta[\sin 2(\Omega t+\alpha)\{J_{1}^{2}(\Omega r)-Y_{1}^{2}(\Omega r)\}-2\cos 2(\Omega t+\alpha)J_{1}(\Omega r)Y_{1}(\Omega r)]$ .
(17)
(11) $\Phi_{1}$
$\frac{\partial\Phi_{2}}{\partial r}=\frac{\Omega}{4}\sin 2\Omega t(1-\cos 2\theta)-c$os $\Omega t\cos\theta\frac{\partial^{2}\Phi_{1}}{\partial r^{2}}-\cos\Omega t\sin\theta\frac{\partial\Phi_{1}}{\partial\theta}$
$=- \frac{\Omega A^{2}}{2\pi}-\frac{\Omega^{2}-2}{2\pi\Omega}A^{2}\cos 2\theta-\cos 2\Omega t[\frac{\Omega A^{2}}{2\pi}+\frac{\Omega^{2}-2}{2\pi\Omega}A^{2}\cos 2\theta]$
$+ \sin 2\Omega t[\frac{\Omega^{2}}{4}(1-\cos 2\theta)+\frac{\Omega^{2}A^{2}}{4}(1+\cos 2\theta)\{J_{1}’(\Omega)J_{1}’’(\Omega)+Y_{1}’(\Omega)Y_{1}’’(\Omega)\}$




$( \Delta-\frac{\partial^{2}}{\partial t^{2}})\Phi_{2}=\Omega^{2}A^{2}\frac{\gamma+1}{\pi r}\cos^{2}\theta\cos 2(\Omega t-\Omega r+\alpha)$ , $rarrow\infty$ . (19)
(19)
$\Phi_{2}=\Omega A^{2}\frac{\gamma+1}{2\pi}\cos^{2}\theta(1-\frac{1}{\sqrt{r}})\cos 2(\Omega t-\Omega r+\alpha+\frac{\pi}{4})$ , $rarrow\infty$ . (20)
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(20) $r=1$ $0$
$\Phi=-\epsilon A\cos\theta\sqrt{\frac{2}{\pi\Omega r}}\cos(\Omega t-\Omega r+\alpha+\frac{\pi}{4})$
$+ \epsilon^{2}\Omega A^{2}\frac{\gamma+1}{2\pi}\cos^{2}\theta(1-\frac{1}{\sqrt{r}})\cos 2(\Omega t-\Omega r+\alpha+\frac{\pi}{4})$ , $rarrow\infty$ , (21)





(17), (18) $\Phi_{2}$ $\overline{\Phi}_{2}$
:
$\Delta\overline{\Phi}_{2}=[\frac{1}{r}\frac{\partial}{\partial r}(r\frac{\partial}{\partial r})+\frac{1}{r^{2}}\frac{\partial^{2}}{\partial\theta^{2}}]\overline{\Phi}_{2}=0$ , (22)
$\frac{\partial\overline{\Phi}_{2}}{\partial r}=-\frac{\Omega A^{2}}{2\pi}-\frac{\Omega^{2}-2}{2\pi\Omega}A^{2}\cos 2\theta$ at $r=1$ . (23)
(23) $\Phi_{1}$
$\overline{\Phi}_{2}$ :
$\overline{\Phi}_{2}=-\frac{\Omega A^{2}}{2\pi}\log r+\frac{\Omega^{2}-2}{4\pi\Omega}(\frac{A}{r})^{2}\cos 2\theta$ . (24)
$\overline{\Phi}_{2}$




$\overline{\rho u_{r}}=\frac{\epsilon^{2}A^{2}}{2\pi r}(\Omega-\frac{\Omega^{2}-2}{\Omega r^{2}})\cos 2\theta$ , (26)
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$\overline{\rho u_{r}}\equiv\frac{1}{r}\frac{\partial\psi}{\partial\theta}$ , $\overline{\rho u_{\theta}}\equiv-\frac{\partial\psi}{\partial r}$ (28)
$\psi=\frac{\epsilon^{2}A^{2}}{4\pi}(\Omega-\frac{\Omega^{2}-2}{\Omega r^{2}})\sin 2\theta$ (29)
$\psi=$ constant $(r, \theta)$
$M=0.05,$ $\gamma=1.4$ $\Omega$ Fig. $2(a)-(c)$
$\psi$ $0.8\cross 10^{-4}$ (29)
$\Omega=$ Fig. $2(a)arrow(b)$






Blackstock [7] (3) $r\Omega\gg 1$ :
$\frac{\partial W}{\partial z}-W\frac{\partial W}{\partial\varphi}=0$ , (30)
$\check{}\check{}\}_{\llcorner\text{ }}^{\vee}$




(14) $r$ $\epsilon u_{r1}$ $rarrow\infty$
:
$u_{r}=-\epsilon\Omega A\cos\theta\sqrt{\frac{2}{\pi\Omega r}}\sin\varphi$ , $\varphi=\Omega(t-.r)+\alpha+\pi/4$ . (33)
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$\hat{\varphi}=\varphi+zW$ $r$ $\eta$ :
$r=\eta-(\gamma+1)\epsilon A\sqrt{\frac{2\Omega}{\pi}}(\sqrt{r}-1)\cos\theta\sin\hat{\varphi}$ . (36)
(33) $\varphi$ $r$ $\eta$
$u_{r}$ :









$= \epsilon A\sqrt{\frac{2}{\pi\Omega r}}\sin\theta\cos\hat{\varphi}-\epsilon^{2}\frac{\gamma+1}{2\pi}\Omega A^{2}\sin 2\theta(1-\frac{1}{\sqrt{r}})$ (39)
Ginsberg [5] (39) (39)





(iv) (shock formation distance)




$\tilde{r}_{s}=[\frac{\sqrt{J_{1}^{\prime 2}(\Omega)+Y_{1}^{\prime 2}(\Omega)}}{(\gamma+1)\epsilon\Omega\cos\theta}\sqrt{\frac{\pi}{2\Omega}}+1]^{2}-1$ . (41)
( (39) $r$ $r$ (40) )
$M=0.05,$ $\gamma=1.4$ (41) $\tilde{r}_{s}$ $\Omega$
Fig.3 $\theta=\pi/2$
$\Omega$
$\Omega\gg 1(\epsilonarrow 0)$ (41)
:
$\tilde{r}_{s}=[\frac{1}{(\gamma+1)\epsilon\Omega^{2}\cos\theta}+1]^{2}-1=[\frac{1}{(\gamma+1)M\Omega\cos\theta}+1]^{2}-1$
$\simeq\frac{2}{(\gamma+1)M\Omega\cos\theta}$ , $\Omega\gg 1$ . (42)
$M=\epsilon\Omega=constant$ $\Omega$ $\Omegaarrow\infty$ $\tilde{r}_{8}$ $1/\Omega$ $0$




$r\simeq\eta$ (14), (15) $r$ $\eta$
$\theta$ (15) (39) :
$u_{r}=-\epsilon\Omega A\cos\theta[J_{1}’(\Omega\eta)\sin(\Omega t+\alpha)-Y_{1}’(\Omega\eta)\cos(\Omega t+\alpha)]$ , (43)
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$ru_{\theta}=\epsilon A\sin\theta[J_{1}(\Omega\eta)\sin(\Omega t+\alpha)-Y_{1}(\Omega\eta)\cos(\Omega t+\alpha)]$
$- \epsilon^{2}\frac{\gamma+1}{2\pi}\Omega A^{2}\sin 2\theta(1-\frac{1}{\sqrt{\eta}})$ . (44)
$\theta$ $rarrow 1$
$M=005,$ $\gamma=14,$ $\Omega=4,$ $t=1689$ $\theta=\pi/4$
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(a) $\Omega=0.5<\sqrt{2}$ (b) $\Omega=5.0>\sqrt{2}$
(c) $\Omega=\sqrt{2}$
Fig.2. $M=0.05,$ $\gamma=1.4$ (acoustic streaming)
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Fig 3. $M=0.05,$ $\gamma=1.4$ $\tilde{r}_{s}$





Fig5 $M=0.05,$ $\gamma=1.4,$ $\theta=\pi/4,$ $t=16.82$
